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ABSTRACT

We characterize those admissible ordinals « which have precisely one a-r.e.
degree containing a non-regular or non-hyperregular set. For all other a we
prove that any such degree ¢ can be split into two strictly smaller such degrees
a and b with avb =c. We also prove that weak a-recursiveness (=.,) is
intransitive on the a-r.e. sets just in case there is more than one non-
hyperregular oa-r.e. degree.

Non-regular and non-hyperregular sets are two of the major sources of
differences between ordinary recursion theory and recursion theory on all
admissible ordinals. (Recall that A C « is non-regular if A N B is not a-finite,
i.e. not a member of L., for some B < a. It is non-hyperregular if there is a
function f weakly a-recursive in A which maps some B <a onto an
unbounded subset of a. We call the a-degrees of such sets irregular and
non-hyperregular respectively.) Not only do they prevent one from straightfor-
wardly generalizing various constructions of ordinary recursion theory, but
they also provide actual counterexamples to several standard theorems.

Although the pathologies of non-regularity and non-hyperregularity can arise
even among the a-r.e. sets, we are somewhat better off if we restrict our
attention to the a-r.e. degrees. The main advantage here is that one has various
theorems that guarantee the existence of “nice” representatives from each
a-r.e. degree. Thus, for example, Sacks [4] has shown that every a-t.e. degree
contains a regular a-r.e. set, while Simpson [11] has proved that one can be
found whose complement has order type the recursive cofinality of the degree.
Indeed, results of this type have played an essential role in the proofs of most
theorems about the a-r.e. degrees (e.g. [6], [8] and [11]).
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In this paper we will continue to exploit these results together with the
priority method developed in [8] and [9] to analyze the structure of the irregular
and non-hyperregular «-r.e. degrees. Of course, if a*=a (or a is %,
admissible respectively) there are no such degrees. Otherwise we are faced
with a basic dichotomy. Either there is precisely one irregular (non-
hyperregular) a-r.e. degree or there are many and the structure of these
degrees is very rich.

In Section 2 we characterize those admissible ordinals for which the first
possibility occurs and prove a sample theorem for the others:

If ¢ is a non-a -recursive irregular (non-hyperregular) a-r.e. degree then there
are irregular (non-hyperregular) a-r.e. degrees aand b suchthatavb=c¢,c £ .a
and ¢ £, b. Indeed, by similar arguments one can embed in these degrees all the
partial orderings that Lerman [3] embeds in the a-r.e. degrees. Moreover, the
density theorem for all a-r.e. degrees [9] (together with the characterization of
irregular degrees in terms of their recursive cofinality [11]) immediately
establishes the density of these degrees as well. Thus, if there is more than one
irregular (non-hyperregular) a-r.e. degree, the structure of such degrees seems
much like that of all the a-r.e. degrees.

Our analysis of the structure of these degrees also supplies us with some
interseting counterexamples to familiar theorems of ordinary recursion theory.
For example, when there is precisely one irregular a-r.e. degree, the splitting
theorem must fail for non-regular a-r.e. sets. Indeed, even theorems about the
a-r.e. degrees involving the jump operator can fail: If there is precisely one
non-hyperregular a-r.e. degree, then every incomplete a-r.e. degree has jump
0’ [10]. This, of course, contrasts with the result of Sacks that in ordinary
recursion theory there is an incomplete r.e. degree with jump 0” (7, §16). As a
final illustration of the importance of this dichotomy we show in Section 3 that
= .. is intransitive (and so not equal to =,) on the a-r.e. degrees, just in case
there is more than one non-hyperregular a-r.e. degree.

Finally, we should warn the reader that although we attempt in Section 1 to
give a list of all the basic definitions of a-recursion theory as well as the more
unusual facts that we need, the account is necessarily sketchy. Thus the reader
would be well advised first to read [8] or the alternative presentation of the
methods of [8] given in [12, §4,5] before beginning this paper. In addition,
several technical points on a-recursive approximations of functions can be
found in the first three sections of [9]. For general background information on
a-recursion theory we suggest [5] as well as [12].
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1. Definitions and other preliminaries

We first summarize the standard definitions of a-recursion theory in terms of
the levels L, of Godel's constructible universe and the usual (strict) 3,
hierarchy of formulas. a is admissible if L, satisfies the replacement axiom
schema of ZF for for %, formulas. Thus we are thinking of L. as a model of a
weak set theory. All the usual set-theoretic terms (cardinal, cofinality, etc.) will
therefore have their usual definitions but interpreted inside L..

A set A C a is a-recursively enumerable (a-r.e.) if it has a 3., definition over
L., while a partial function f is partial a-recursive if its graph is a-r.e. It is
a-recursive if its domain is a. (Note that since there is a one-one a-recursive
map of a onto L,, it suffices for recursion theoretic purposes to restrict our
attention to subsets of @ and functions on a.) Of course, an A Ca is
a-recursive if its characteristic function is, while it is a-finite if it is a member
of L.. Finally, we say that A C a is regular if A N B is a-finite for every 8 < a.

The basic recursion theoretic fact about admissible ordinals is that one can
perform A, (= a-recursive) recursions in L, to produce a-recursive functions.
Thus, for example, we can a-recursively Godel number the a-finite sets
K,(y <a) and the 3,/L, formulas with two free variables ¢.(x,y). This
immediately gives a Godel numbering for the a-r.e. sets, R, =
{x| L, [=3 y¢. (x,y)}, and a standard simultaneous a-recursive enumeration of
these sets, R? ={x|(3y € L,)¢.(x, y)}.

We now use this enumeration to define relative recursiveness, beginning of
course with an approximation: [¢]S(y) = 6 iff

(3p)(AMUy,8p,n)ERTand K, CCNoand K, C(a-C)Nal

(we employ some a-recursive coding (,---,) of n-tuples). We then say that
[e]1(y) =8 if [£]S(y) = & for some o. (Note that this makes [¢] a possibly
multivalued function.) This enables us to define the notion of weakly a-
recursive in (= .,) for a partial function f: f=,.C iff f =[£] for some ¢ (and
so in particular [¢] is single-valued). Of course, for a set B we say that
B =..C iff the characteristic function of B is weakly a-recursive in C. We
now use weak a-recursiveness to define two key notions. The recursive
cofinality of a set A (rcf A) is the least y = « such that there is an f = ,,A with
domain y and range unbounded in a. A is hyperregular iff rcf A = a, otherwise
it is non-hyperregular.

Although = .. is a useful tool, we are really interested in recovering a-finite
amounts of information rather than just single values. We therefore define
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a-recursive in (=,) by saying that B = ,C iff there is an £ such that for all
a-finite sets K,

K,CBe(3p)(3n)(30)(p,m,7,0)E R

and K, CC and K,Ca-0C),
and

K,Ca-Be(3p)(An)(3a)(p,n v, DERT
and K, CC and K,Ca-C).
As =, is transitive and reflexive, it gives us a notion of a-degree:
deg(A)={B|B=,A = ,B}.

As usual, the a-degrees form an upper semi-lattice ordered by = ,.The join of
two degrees deg (A)v deg (B) is deg (C), where

C={2-y|lyeA}lu{2-y+1|y€EB}

We call an a-degree a-r.e., regular, irregular, hyperregular or non-hyperregular,
if it contains an a-r.e., regular, non-regular, hyperregular or non-hyperregular
set, respectively. (Note that if an a-degree is (non-) hyperregular then every set
in it is (non-) hyperregular. An a-degree, however, can be both regular and
irregular. It is called non-regular if-no member is regular.) As usual, there is a
largest a-r.e. degree 0’ that of {(x, y)| x € R,} called the complete a-r.e. degree.
(The complete a-r.e. sets are the ones in this degree.)

For our last set of definitions we turn to the notions of projectum and
cofinality. We define the X,.-projectum of « (relative to A), written onp(a)
(onpa(a)), as the least 8 = o for which there is a one-one 2, (Z,(A)) map of a
into B. The key fact here is that onp(a) is also the least 8 such that there is a
3./L, subset of 8 which is not in L,[2]. Note that the usual notation for the
olp(a) is a*, and the key fact says that any a-r.e. set bounded below a* is
a-finite. Similarly the 3,(2.(A)) cofinality of 8§ =a, written oncf(8)
(on cf, (8), is the least B such that there is a 2,(2.(A)) map of 8 onto an
unbounded subset of 8.

1.0. As an exercise in definition chasing note that, if C is a complete regular
a-r.e. set and D is any regular a-r.e. set, then o 2cf(a)=rcfC=rcf D =
olctp(a) and o2p(a)=clpc(a)=olpo(a). To cite yet another useful
exercise, we note that c2cf(a)=c2cf(rcf D)=0c2cf(a2cf(rcf D))=
o 2cf(cf(a*)™=). Here one uses the admissibility of « as well as the various
definitions.
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We close this section with some important facts about the a-r.e. degrees:

1.1 Every a-r.e. degree is regular [4].

1.2 Every a-r.e. degree contains a conscientious a-r.e. set, i.e., a regular
a-r.e. set C such that C(= a — C) is unbounded in & and its order type, IC|,is
the recursive cofinality of C[11].

1.3. An a-r.e. degree is irregular iff a* < a and its recursive cofinality is
= cf(a*)"= (the cofinality of a* in L,) [11]. (Note that rcf is an invariant of
a-degree since f = .,A =.C implies that f =,.C)

1.4. If B is a regular a-r.e. set and o 1ps(a) > rcf(B), then ' = B (Lemma
3.3 of [9)).

Finally a fact about projecta:

1.5. If B ts aregular a-r.e. set such that o1ps(a) = rcf (B) = B, then there
is a tame onto map f:B — « (that is f can be approximated by an a-recursive
function of two variables f“(x) such that

Vo <B)(I7) Vo>1)(Vx <8)(f (x)=f(x)).

Such a function f is called a tame 3, projection of 8 onto a. The usefulness of
such functions lies in the fact that they can be used in priority arguments to put
the requirements in a short (i.e. B) list. [Such a function is given by the
approximation to {e}2°(x) given in Section 1 of [9] where f={[e]® The
tameness follows immediately from the definition of rcf B and the assumption
that o 1ps(a) = rcf B.] Indeed, it was for just this reason that tame 3., functions
were introduced by Lerman [3].

2. The main theorem

Our goal is to characterize those admissible ordinals « that have precisely
one irregular (non-hyperregular) a-r.e. degree, and to prove a splitting theorem
for these degrees for all other a.

THEOREM 2.1. There is precisely one irregular (non-hyperregular) a-r.e.
degree if and only if o2p(a) > cf(a*)"= (o 2¢cf(a) < @ and o 2p(a) > rcf D for
every non-hyperregular a-r.e. set D). Moreover, if this condition fails, then for
every irregular (non-hyperregular) a-r.e. degree ¢ there are strictly smaller
irregular (non-hyperregular) a-r.e. degrees a and b such that avb=c.

Proor. If the condition holds, then clearly there is an irregular (non-
hyperregular) a-r.e. degree, as a 2 o 2p(a)> cf (a*)*= implies that a > a*,
and so there are non-regular a-r.e. sets (o 2cf(a) < a implies that 0’ is not
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hyperregular). Moreover, 1.1, 1.3 and 1.4 show that every irregular (non-
hyperregular) a-r.e. degree must be complete.

If, on the other hand, the condition fails and there is an irregular (non-
hyperregular) o-r.e. set, we claim that we may choose an a-r.e. set D such that
a>cf(a*)~=rcfDzolpp(a)(a>rcfD Z o 1pp(a)). That there is an a-
r.e. D with rcf D = cf(a*)™ follows from Theorem 3.9 of [11] and our
remarks in 1.0. If, however, rcf D < o Ipp(a), then D is complete by 1.4 and
s0, again by 1.0, o Ipp(a) = o2p(a) > cf (a*)"-, contradicting our assumption
that the condition failed. (The failure of the condition guarantees the existence
of a non-hyperregular a-r.e. set D such that @ > rcf D Zo2p(a). f D is
complete, then o2p(a)=olpp(a) by 1.0, while if D is incomplete,
refD = olpp(a) by 1.4.) We will now use such a D and the associated projection
guaranteed by 1.5 to prove the splitting theorem asserted above. Note that our
proof will be the same for both the irregular and the non-hyperregular a-r.e.
degrees. Of course, it clearly implies that there is more than one irregular
(non-hyperregular) a-r.e. degree as required.

Let c be the given irregular (non-hyperregular) a-r.e. degree. By 1.2 we may
choose a conscientious C in ¢. We let ¢ be a one-one a-recursive function
enumerating C and approximate C by C° ={c(i)|i <co}. Our goal is to
construct a-r.e. sets A and B with |A|=rcf C=|B|if ¢ 1 pc(a) = rcf C or
with | A | = rcf D = | B | otherwise. We will also want to insure that A, B <.C,
CZ£.A, C£.B and A UB = C. As this last requirement implies that C =,
A v B, all of this together with 1.3 (definition of hyperregular) will establish our
theorem.

Before describing the actual construction we must fix our notation. Let
B=rcfC if rcf C =0 Ipc(a) and let it be rcf D otherwise. Let g:8 — a be
the map guaranteed by 1.5 with its tame recursive approximation given by g°.
We can also fairly easily get a map f of x = rcf C =|C| onto an unbounded
subset of a which is strictly increasing with a tame recursive approximation f°
(see, for example, Section 3 of [9]). Note that g as well as f is a-recursive in C
even if B = rcf D, since this can occur only if rcf C < o 1 pc(a), which by 1.4
implies that C is complete. Similarly we let h:y— 8 be an increasing
unbounded function on y = o 2cf(a) = o2cf(B) with its tame recursive ap-
proximation given by h”.

Here one should note that xk = y if C is complete and otherwise « = 8.

THE GENERAL PLAN. As we enumerate an element c(o) in C at stage o, we
will immediately put it into A or B. This will insure that A U B = C. There will
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of course be negative requirements as in the usual splitting theorem {8) that will
dictate via a priority scheme which set gets c (o). These requirements will try
for each ¢ to preserve computations of more and more of C from A or B via ¢.
As usual, once ¢ has highest priority one sees that these preservations must be
bounded or C would be a- recursive. As there are at most 8 elements in C all
together, we will in fact have to preserve fewer than 8 such computations for
each £. As we have also put the reduction procedures in a g list, we can hope to
make A and B small (i.e. of order type = B) without overrunning the negative
requirements if each such requirement also keeps out fewer than 8 many
elements. Should we succeed, however, in making |A|= 8 =| B/, this added
restriction will not make us miss any possible correct computations from A or
B. We in fact assure that A and B are small by adding new positive
requirements that try to put elements of C into both A and B. (Thus we give up
the conclusion of [8]) that A N B =)

To guarantee that injuries caused by initial segments of the requirements
don’t become unbounded in a, we use the blocking technique introduced in [8]
to govern the interaction of negative requirements. We will moreover fix the
blocking in advance into y many pieces which are generated by h° at stage ¢.
The positive requirements, however, will be put in a « list. The idea is that the
8th positive requirement (for & < k) will try to put all elements of C N f(8)
into A and B. Their interaction with the negative requirements will be
determined by the g listing of reduction procedures if x = 8 (by the blocking
into y pieces if k = y). (We will indicate differences between these two cases
by putting the case k = vy in parenthesis.) The point is, that to get A, B = .C we
will want to know a-recursively in C what is the highest priority ever given to a
particular element of C by these new requirements.

THE REQUIREMENTS. As almost everything is symmetric with respect to A
and B, we will usually describe only the A part of the construction and proof.
When necessary we will distinguish by subscripting with A or B to indicate any
differences. We first describe the formation of the negative requirements. Our
terminology will be defined simultaneously with the construction.

At stage o we find for each 8§ <y the least x& C° for which there is no
negative 8 requirement for x associated with a §-active reduction procedure. If
there is a 8-active reduction procedure ¢ < h°(8) for which [g°¢]2°(x) =0 via
a computation requiring less than 8 many elements to be outside of A (the
elements enumerated in A by stage o), we take the least such computation and
create a negative 8 requirement for x associated with . This requirement
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consists of the elements assumed to be outside of A” by the chosen
computation. If at any later stage we put any element of the requirement into A
we destroy it. We also destroy it at any later stage at which g°¢ changes value
or ¢ is &-inactive (because of another requirement) and x enters C. If a
negative requirement is never destroyed, it is called permanent. Finally we call
a reduction procedure ¢ < 8 §-active at stage o unless there is a 8 requirement
(as yet understroyed) for some x associated with £ such that x € C”, in which
case it is 8-inactive. The idea is that, as long as we seem to have a computation
showing that [ge]* # C, we need pay no further attention to .

At stage o we also create a positive n requirement for each n < x and each
x <f’(n) in C” for which there is no such requirement.

THE CONSTRUCTION. At stage o we first form requirements as indicated
above. We then put c(o) into A or B. The choice is made so as to preserve as
much as possible. More precisely, we consider the sets I, (Iz) of negative A (B)
requirements which would be destroyed by putting c¢{c) into A (B). Let v, (vg)
be the least ordinal v < vy such that I, (Iz) contains a negative v-requirement. If
V4 = vg, We put ¢(o) into B, otherwise it goes into A. We now proceed for each
n <k in turn to put elements with positive n requirements into A(and B),
unless they are in an as yet understroyed negative 8,(8s)-requirement as-
sociated with an ¢ < n (such that § < 5 if x = y). We of course destroy other
negative requirements as necessary for each n before going on to n + 1.

THE PRIORITY ARGUMENT. Our main goal is to show that there are less than 8
permanent negative §-requirements for each § < y. We will then be able to
conclude that CZ , A and | A | = 8. A further argument will then be adduced to
show that A =,C and so complete the proof of Theorem 2.1

LemMa 2.2, For each 8 <<y there are less than B permanent negative
8'-requirements for each &' < 8. Moreover, there is a bound on the stages at
which all 8' requirements (8' < 8) are created, destroyed or have any of their
elements enumerated in C.

ProOF. We proceed by induction on 8. Note first that if 7 is the bound of the
theorem, then no 8.-requirement created after stage r can be destroyed by an
element c (o) via the first part of the construction at stage o. Next let 1, = 7 be
such that h°(n)= h(n) for o > 7, and n = 8, and such that g°(n) = g(n) for
n < h(8)and f7({)=f({) for { =h(8) ({ < § if k = y)and o > 7,. Of couse,
after stage 7, no negative 8, requirement can be destroyed by a change in g°.
Finally, because of the regularity of C and the admissibility of «, we can
choose a 7,2 7, such that
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C°Nf@)=Cnfh(d) (C°NfBE)=CNfB) for o>

Now no new positive 1 requirements can be created after stage 7, for
n <h(8) (n <8).

We now proceed by induction on n < h(8) to bound the stages at which
positive 7 requirements suceed in putting elements into A. As our procedure
will be a-recursive in C and h (8) < rcf(C), the whole process will be bounded
below a. (1, + 1 is already such a bound if x = y. All §' requirements for 8§’ < 8
are now permanent and so any positive requirement which did not succeed at
stage 7, is being thwarted by a permanent negative requirement of higher
priority. It can therefore never succeed at any later stage.) Of course, those
elements belonging to negative §'-requirements for 8’ < § never get put in A
since these requirements are permanent. Suppose that we have found (a-
recursively in C) a bound on the stages at which positive ' requirements put
elements into A for n' = n. From this stage on a negative §,-requirement, say
for x, which is associated with n' =7 can be destroyed only by n’ becoming
8a-inactive and x then entering C. We can ask a-recursively in C which x’s
with such requirement ever get into C. If there are none, then every 8,- negative
requirement associated with n' =7 is permanent. Thus any positive 7 + 1
requirement which has not yet succeeded never will. (It must be in a permanent
negative requirement of higher priority or it would get into A now.) If there are
such x’s, we go (a-recursively in C) to a stage by which all of them have
entered C. At this stage all negative §,-requirements associated with 5’ < n are
permanent and so, as before, any positive n + 1 requirement not succeeding
now is being thwarted by a permanent negative requirement of higher priority.
To complete our induction, first note that for limit ordinals n we just begin this
process above all bounds for 1’ <n. We let 7, be the supremum of these
bounds for n <h(8). (=1 +1if k =)

After stage 7; a negative 84-requirement for x associated with n can be
destroyed only if n becomes 8,-inactive and then x later enters C. To bound
these stages consider first the set

W ={n <h(8)|(@0o > 1) (nis d4-inactive at stage o)}.

W is a X, subset of h(8) < B < a*, and so a-finite. By the admissibility of «
there is then a bound 7, on the stages at which elements enter W by becoming
d4-inactive. Thus any n < h(8) which is 8§,-inactive at stage 7, remains so
forever, while no £ < h(o) can become §,-inactive at any stage after r,. It
therefore suffices to wait until a stage 75 by which all x’s in C for which there
are 8, requirements at stage 7, have been enumerated in C. (Again such a stage
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exists by the regularity of C.) Clearly, after stage 5 no 8, -requirement is ever
destroyed.

We can now show that there are less than 8 permanent 8, requirements. For
n € W note that at stage s there must be fewer than 8 many x’s for which we
can have 8, requirements associated with 7, since any such x is in fact not in C
while [C|= 8 and so any bounded segement of C has order type < B.
Moreover, n remains 8,-inactive forever, and so no more 8, -requirements can
be created which are associated with 7.

Next note that, for any 8, negative requirement for some x associated with
an n not in W at a stage o > 75, we must have x € C by definition of W and the
permanency of such a requirement. By the construction there can be at most
one such requirement for each x. As |C|= B, the only way to get B many
requirements is to eventually form one for every x € C (we always try for the
least x for which we have no such requirement as yet). If this happens,
however, we can enumerate C_‘a-recursively as the set of elements x for which
there is a 6, negative requirement at a stage & > 5. This would contradict the
fact that C is not a-recursive. Thus we have shown that there are fewer than 8
many permanent 8, negative requirements.

After stage s these requirements are created for x’s on an initial segment of
C (ignoring those with such requirements at 7). As |C|= B, this is a proper
initial segment and so by the regularity of C an a-finite set. Thus by the
admissibility of « there is a bound 74 on the stages at which such requirements
are created. Finally, as any requirement created by stage 7 consists of
elements less than 7, the regularity of C again assures us that there is a bound
77 on the stages at which elements of such requirements are enumerated in C.

We have thus established the conclusions of the lemma for 8. negative
requirements. The same argument beginning now at stage 7, establishes the
results for the 5; negative requirements. This then carries our induction one
step forward. To see that all is well at limit ordinals 8, note that the map from
8'< 8 to the bound claimed in the lemma is a 3, function. As § <y =
o 2cf(a), the range of this function on 8 is bounded. This then gives us the
bound on all 8’ requirements for §' < & at limit ordinals § and alows us to carry
out the above argument for 8-requirements and continue the induction. [Jj

We can now prove that A and B have the desired properties.

LemMMa 23. ||A|=B and |B|=p.

Proor. For any 6 <y let 7 be the bound given by Lemma 2.2 for 8.
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The positive requirements clearly guarantee that all the elements of C N
fh(8) (if x = y replace fh by f in this proof) which are not put in A and B are
kept out by some negative 8'-requirement, with 6’ < & at stage 7. As there are
less than B of them and each one keeps out fewer than B8 elements, we see that
A N fh(8)and B N fh(8) agree with C N fh(8), except possibly on some set
of size less than 8. As C N fh(5) has size less than B, so too do A N fh(8) and
B N fh(8). As foh on y is unbounded in a, our conclusion follows from the
fact that 8 is a cardinal in L,. [ |

LemMma 24. CZ.,A and C£ _B.

Proor. If not, suppose for definiteness that {ge]* is the characteristic
function of C. Let 8 <y be such that ¢ < h(8). Let 7 be the bound given by
Lemma 2.2 for 8§ + 1 and let x be the least element of C for which there is no
negative 8, requirement associated with a 8, -active reduction procedure at
stage 7. As [ge]* is the characteristic function of C, there is a computation
showing that [ge]*(x) =0 and so (as A is a-r.e.) a stage o > 7 at which
[ge]2°(x) = 0. Now if ¢ were §,-inactive at stage o, it would be because of a
computation [g” €]2” (x') =0 for some o' < ¢ and x' € C which has not yet
been destroyed by stage . Our choice of 7 then guarantees that this
requirement is never destroyed and so g°¢ = ge and the information used
about A is correct and so [ge]*(x’)=0. This of course contradicts our
assumption that {ge]* is the characteristic function of C. Thus ¢ is 8.+-active at
stage o and so we must create a negative §, requirement for x at stage o. This,
however, contradicts the choice of = as o> 7. B

We now complete the proof of our theorem by establishing the last condition
on A and B.

LemMma 2.5. A=.Cand B=,C.

Proor. We show that for n <« we can inductively compute A N f(n)
a-recursively in C and also decide which negative requirements associated
with n are permanent. First recall that initial segments of f can be computed
from C. Now suppose that we have computed A N f(u) for every p <7 and
we wish to decide if a negative requirement N associated with some ' < 7 is
permanent. It can be destroyed by a change in g°n’, but we can compute g
restricted to 1 a-recursively in C and so can check this possibility. Next it
could be destroyed by the x for which we have this requirement entering C
after n’ is inactive. To check this possibility we just ask if x € C, and if it does
we wait until x € C? to see if the requirement is destroyed. Finally, it can be
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destroyed by an element y € N entering A. This can happen either at a stage o
at which y = c(o) is put into A via the first part of the construction, or by y
being put into A by a positive requirement. To check if the first possibility
occurs we just wait until C° N N = C N N. The second alternative can occur
onlyif y has a positive u-requirement with p < n'(u = 6 where §is the least
ordinal <y such that ' <h(8)if x = y),1.e. y € C N f(x) Thus the inductive
hypothesis that we have computed A N f(u) for p = n' <7 (note that § < 5’
if kK = y) allows us to check this final possibility as well. Of course, if none of
these happen N is permanent.

To now compute A Nf(n), it suffices to show that every element x of
CN(f(m)— U{f(w)|p <m)})is putinto A unless it belongs to a permanent
negative requirement associated with a u < n (p < h(8) where 8 is the least
ordinal < v such that n < h(8) if k = ¥). To see that this suffices, note that we
just have to wait until each such x is put into either A or a permanent negative
requirement associated with such a u which we can recognize a-recursively in
C. To actually establish the claim, consider a stage o at which x € C° N f* (7))
and such that all negative requirements associated with any w <7 are
permanent (such a stage exists by Lemma 2.2). If x is not a member of any such
negative requirement, it is clearly put into A by the second part of the
construction. On the other hand, if x is in such a requirement it can never be
put into A, since this would contradict the permanency of the requirement.
Finally, one should note that Lemma 2.2 guarantees that for any n < 8 this
entire procedure (for every x in the set) involves only a bounded set of stages
and so only a-finitely much of C is needed for the entire inductive com-
putation. [ ]

REMARK.  We first proved this theorem for irregular degrees by a somewhat
different method in trying to answer the question of when one can split a
non-regular a-r.e. set into two disjoint a-r.e. sets of strictly lower a-degree. Of
course, when there is only one irregular a-r.e. degree this is impossible. What
we proved, however, was that, if C C a* is a simple a-r.e. set (i.e. C is
unbounded in a* and C N K # J for every a-finite K which is unboumded in
a*) and the conditions of the theorem fail, then there are disjoint simple a-r.e.
sets A and B suchthat A U B=C, A=.C,B=.C, C£.A and CZ.B. The
proof involved adding positive requirements to make both A and B simple
rather than to make their complement thin. As every irregular a-r.e. degree
contains a simple a-r.e. subset of a* [11], this also proves Theorem 2.1 for the
irregular a-r.e. degrees. Simpson then proved that, when the condition of
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Theorem 2.1 for non-hyperregular a-r.e. degrees fails, there are incomparable
non-hyperregular a-r.e. degrees (the other direction is a consequence of 1.4).
Upon being informed of this result, we proved Theorem 2.1 as it now stands.

3. Weak «a-recursiveness

When Driscoll [1] proved that weak «a-recursiveness is not transitive on the
a-r.e. sets for o = wi®, the question naturally arose as to when =, is
transitive on these sets. Stillwell [13] thought that this should occur only when
a is 2,-admissible (an obviously sufficient condition). Simpson [11], however,
found a counter example by showing that RS has only one non-hyperregular
a-r.e. degree, that of 0’ but was unable to settle the question in general. (The
point here is that if an a-r.e. set A is hyperregular and B =, A, then B = .A
while every a-r.e. set is a-recursive in a complete one. Thus =,, = =, on the
a-r.e. sets and of course =, is transitive.) We show that this example is
indeed typical and characterize those admissible « for which =, is intransi-
tive in terms of the conditions of Theorem 2.1 by proving the following:

THEOREM 3.1. =, is intransitive on the a-r.e. sets if and only if there is an
incomplete (and so more than one) non-hyperregular a-r.e. degree.

Proo¥r. As noted above, the only if direction is immediate. Assume therefore
that B is an incomplete a-r.e. set with rcf B=8 <a. Let h:8 — a have
unbounded range and be weakly a-recursive in B. By (5, §25] we canlet A be a
complete a-r.e. set such that (X) (A =,, X = A =_X). We then let ¢(x, y) be
a A, formula such that y € A & I x¢ (x, y). Finally, we choose our set C to be
{(8, )| (I x <h(8)e(x, y)}.

We first note that C is a-r.e. since

C={&|(Fa)(Tx<h?(8)e(x,y)},

where h“ is the a-recursive approximation to h given in [9, §3]. Next we claim
that C = ,.B. As C is a-r.e., there is automatically a procedure listing (8, y) € C
while (8, y)& C < (3y) (y =h(8) and —(3x < y)¢ (x,y)).

(As h =..B, this can easily be converted into the statement required in the
definition of C =,.B.) Finally, we show that A =,.C:

YEAeBx{yhNC=02.

(Again, as A is a-r.e., the part of the definition of =., for y € A is automatic.)
Thus A =..V = ,.B and so the transitivity of =.. would imply tha A = ..B.
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Our choice of A then says that A =B, contradicting the incompleteness of

B. N
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